Partial cointegration is a weakening of cointegration that allows for the "cointegrating" process to contain a random walk and a mean-reverting component. We derive its representation in state space, provide a maximum likelihood based estimation routine, and a suitable likelihood ratio test. Then, we explore the use of partial cointegration as a means for identifying promising pairs and for generating buy and sell signals. Specifically, we benchmark partial cointegration against several classical pairs trading variants from 1990 until 2015, on a survivor bias free data set of the S&P 500 constituents. We find annualized returns of more than 12 percent after transaction costs. These results can only partially be explained by common sources of systematic risk and are well superior to classical distance-based or cointegration-based pairs trading variants on our data set.
Introduction
Pairs trading is a relative-value arbitrage strategy that has been known in the quantitative finance community ever since the mid 1980s (Vidyamurthy, 2004) . The strategy involves identifying two securities whose prices tend to travel together. Upon divergence, the cheaper security is bought long and the more expensive one is sold short. When the prices converge back to their historical equilibrium, the trade is closed and a profit collected. By formalizing these concepts, we obtain a quantitative trading strategy exploiting relative mispricings between two securities.
Pairs trading has been introduced to the academic community with the seminal papers of Gatev et al. (1999 Gatev et al. ( , 2006 . The authors study a pragmatic algorithm on U.S. CRSP securities from 1962 until 2002. At first, they rank all pairs in a 12-month formation period by their sum of squared distances in normalized price space. Then, the top 20 pairs with minimum distance metric are transferred to a subsequent six-month trading period. A trade is entered when the spread diverges at least two historical standard deviations from equilibrium. It is closed with the next zero-crossing, at the end of the trading period, or upon delisting. Gatev et al. (2006) find statistically and economically significant excess returns of 11 percent p.a., which exhibit low exposure to common sources of systematic risk.
Subsequently, interest in pairs trading has surged. Recently, Krauss (2015) has surveyed the literature, cataloging more than 90 papers in five different categories -among them the cointegration approach. Representative studies are by Caldeira and Moura (2013); Huck (2015) ; Rad et al. (2015) . These applications identify cointegrated pairs in a formation period and trade the cointegrating process in a subsequent trading period. Further studies describe the spread in state space, but still as fully mean-reverting model -see, among others, Elliott et al. (2005) ; Do et al. (2006) ; Triantafyllopoulos and Montana (2011); de Moura et al. (2016) . The results are convincing. For example, Rad et al. (2015) , the most comprehensive study, report annualized excess returns of approximately 10 percent from 1962 until 2014 on U.S. CRSP data, prior to transaction costs.
Despite these positive findings, there is reason to believe that cointegration may not be the most appropriate model for pairs trading. If the price series of two securities are cointegrated, then all shocks to the spread series must necessarily be transient. However, it is reasonable to believe that companies often experience idiosyncratic shocks that are permanent in nature. Such shocks might be due to technological changes, the development of new markets, adverse legal actions, changes in management, changes in credit rating, and analyst upgrades or downgrades, to name a few. Any change to the fundamental value of a company arguably represents a permanent shock. This view is supported by three recent contributions: Clegg (2014) finds that the property of being cointegrated is not persistent, and as well as Jondeau et al. (2015) identify a substantial number of permanent jumps in high-frequency market data. In light of these findings, it seems fair to assume that the spread series of equity pairs are bombarded by a steady stream of permanent shocks. As of today, no pairs trading study addresses this issue.
Our paper aims to fill this void. We develop the concept of partial cointegration (PCI), a weakening of cointegration (CI) that allows for the "cointegrating" process to contain a random walk component.
2 In other words, we model the spread series as the sum of a meanreverting component and a random walk component. In contrast to Bertram (2010a) , we assume that the mean-reverting and random walk components are not directly observable.
Even though they are not observable, we are able to show that the system is identifiable, and we give a procedure for estimating the two components. Moreover, if the magnitude of the mean-reverting component is large in comparison to the random walk component, it is possible to profitably trade from the relationship.
Overall, we make three contributions to the literature. The first one is conceptual, i.e., the representation of the PCI model in state space and the discussion of corresponding estimation and testing routines. The second one is simulative. Specifically, we evaluate the goodness of our maximum likelihood based estimators and analyze size as well as power properties of a likelihood ratio test for partial cointegration -originally proposed in Clegg (2015) . In a further Monte Carlo simulation, we benchmark PCI-based versus CI-based pairs trading on artificially generated pairs, thereby extracting key determinants of profitability for the 2 Please note that the term partial cointegration is sometimes used in a different context. Harbo et al. (1998) refer to partial cointegration in case of conditionally cointegrated systems and Caner and Hansen (2001) ; Krishnakumar and Neto (2009) in the context of partial unit roots in threshold autoregressive models.
Both concepts are unrelated to the model presented in this paper.
3 individual systems. The third contribution is empirical, i.e., the application of cointegrationbased pairs trading in comparison to PCI-based pairs trading on the S&P 500 constituents from January 1990 until October 2015.
Our findings are as follows. On simulated data, we identify a key prerequisite for PCIbased pairs trading profitability: The mean-reverting component needs to dominate the random walk component, i.e., the portion of variance attributable to mean reversion has to be relatively high. Then, profitability is a function of the half-life of mean-reversion -the faster the series reverts to its mean, the higher are the returns that can be achieved. On empirical data, we find PCI-based pairs trading to produce annualized returns of more than 12 percent after transaction costs, which are largely robust to common sources of systematic risk. In contrast, classical distance and cointegration-based pairs trading variants disappoint on our highly liquid and survivor bias free data sample.
The remainder of this paper is organized as follows. In section 2, we develop the partial cointegration model and simulatively evaluate the goodness of our estimators and power as well as size properties of the likelihood ratio test. In section 3, we describe the research design for comparing PCI with CI in a pairs trading context -both on simulated and empirical data.
The results are presented in section 4. Finally, section 5 provides concluding thoughts and summarizes directions for further research.
Partial cointegration

Representation
The partial cointegration model is a weakening of cointegration that allows for the residual series to have both mean-reverting and random walk components. In analogy with Engle and Granger (1987) , the following definition is given:
The components of the vector X t are said to be partially cointegrated of
(ii) there exists a vector α( = 0) so that Z t = α X t and Z t can be decomposed as a sum Z t = R t + M t , where
In the remainder of this article, we consider the simplest possible instance of partial cointegration. Namely, we consider only two price time series X 1 = (X 1,t ) t∈T and X 2 = (X 2,t ) t∈T , and we say that X 1 and X 2 are partially cointegrated if β, ρ, σ M , σ R , m 0 , and r 0 can be found such that the following model is satisfied,
where β ∈ R is a parameter, ρ ∈ (−1, 1) is the AR(1) coefficient, and ε M,t , ε R,t follow mutually independent Gaussian white noise processes with expectation zero and variances
To simplify model estimation, we take m 0 = 0 and r 0 = X 2,0 − βX 1,0 . Note that the time series X 2 and X 1 are connected by a partially autoregressive (PAR) model Summers (1986) and Poterba and Summers (1988) , and further elaborated in Clegg (2015) and the associated R package partialAR. A key statistic of a PAR model is the proportion of variance attributable to mean-reversion, given as,
where B denotes the backshift operator. If R 2 M R = 0, then the AR component is zero and the series a pure random walk. By contrast, if R 2 M R = 1, then the random walk component is zero and the series is (fully) autoregressive. 
The state of the system is given by Z t in (4), which may not be directly observable. It is assumed to follow a linear dynamic and it may be influenced by a control input U t . The term W t is a noise term, which has covariance matrix Q t . The observable portion of the system is represented by X t in (3). It is assumed to have a linear dependence on the hidden state Z t , given by H t , and to be influenced by its own noise term V t , whose covariance matrix is R t . We hereafter assume that the noise term V t is zero and that there is no control input term U t . In addition, we assume that the linear dependence matrix H t and the transition matrix F t are time invariant. Consequently, these equations simplify to
The partial cointegration (PCI) system has two observable variables, X 1 and X 2 , and two hidden state variables M and R. For convenience of representation, we treat X 1 as a third hidden state variable. In other words, X 1 is represented in both the observation equation and the state equation. The observation equation for the PCI system is therefore given as
And the hidden state equation for the PCI system is given as
with ε X,t ∈ R + 0 denoting the variance of the process X 1 in first differences. It is assumed that ε X,t ∼ N (0, σ 2 X ) and that it is independent of ε M,t and ε R,t .
Estimation of a partial cointegration model
In AppendixA, we give a proof that the PCI system is identifiable. In other words, given a (possibly infinite) realization of a PCI system, there is a unique set of parameter values β, ρ, σ M and σ R that give rise to that realization. In this subsection, we turn to the problem of how to estimate these values.
Parameter values are determined through maximum likelihood estimation of the associated Kalman filter. If the parameters of the system are known and the innovations ε X,t , ε M,t , 6 and ε R,t are zero-mean Gaussian, uncorrelated, and white, the Kalman Filter minimizes the mean-squared error of the estimated parameters. If the innovations are zero-mean, uncorrelated, and white, but non-Gaussian, then the Kalman Filter is still the best linear estimator (Simon, 2006) .
The maximum likelihood method is a standard technique for parameter estimation. Let Θ t denote the information that is available up to and including time t, and let Φ denote the parameter values β, ρ, σ X , σ M , and σ R . The one-step ahead prediction error given by the Kalman filter is e t = X t − E[X t |Θ t−1 , Φ]. In case of the PCI model, it can be shown to be
Since p(βε X,t + ε M,t + ε R,t , ε X,t ) = p(ε M,t + ε R,t , ε X,t ), the likelihood function for the Kalman filter of the PCI model can be written as
where φ(·) denotes the probability density function of the normal distribution and p(X 1 |Φ) is a constant term corresponding to the first observation. We are only interested in optimizing for β, ρ, σ M , and σ R , so we can omit the first and third term from the above product. In other words, the maximum likelihood estimates for β, ρ, σ M and σ R can be found by maximizing
We use this likelihood score as the objective function, and deploy L-BFGS to jointly optimize over β, ρ, σ M , and σ R . The full algorithm is available online in the R package partialCI and the full derivation of the likelihood function is provided in AppendixB.
Consistency of estimation routine
Given that we employ a maximum likelihood routine, our estimators should be asymptotically efficient, asymptotically unbiased, and asymptotically consistent with regard to mean squared error (MSE), if regularity conditions hold. We check these properties on a collection of synthetic data sets of PCI models with different parameter configurations. The baseline parameter settings are depicted in table 1.
1.0000 0.0236 1.0000 1.0000 0.9000 0.0000 0.0000 We set β to one, reflecting a typical equilibrium relationship. The price time series X t is generated as cumulative return time series with a starting price of 100, mean zero, and standard deviation σ X = 0.0236 -corresponding to the median value of all stocks having ever been a S&P 500 constituent from 1990 until 2015.
3 The standard deviations σ M and σ R are both set to one for the sake of simplicity. Not their level is important, but their ratio, as it affects the proportion of variance attributable to mean-reversion defined in equation
(2). The AR(1)-coefficient ρ is fixed ad hoc at 0.90 in the baseline setting, corresponding to a half-life of mean-reversion of 6.60 days. We now vary ceteris paribus either σ M or ρ, as depicted in table 2, thus reflecting different levels of R 2 M R and mean-reversion strength. The sample size n is set to 100, 1000, or 10000 and we perform 10000 replications for each setting. Table 4 reports the results for varying levels of ρ. As before, for ρ equal to one, the PAR model degenerates to a random walk, resulting in inconsistent estimators. For all other settings, we observe MSE-consistent estimation. Small sample bias decreases with ρ.
Power and size properties of the likelihood ratio test
By construction, a partially autoregressive series normally contains a unit root, so traditional cointegration tests are not appropriate for testing for partial cointegration. Instead, the likelihood ratio test (LRT) is used to assess the null hypothesis H R 0 that the spread series is a random walk -see Clegg (2015) values can be found in AppendixC. We follow similar Monte Carlo settings as described in subsection 2.3, but we choose a finer step size for σ M and ρ.
The results for varying levels of σ M are depicted in table 5. When σ M equals zero, i.e., the cointegrating process is a pure random walk, we find that the null is erroneously rejected in approximately four to five percent of all cases. As such, the type I error is in line with the significance level α -size distortions are minor. With increasing levels of σ M at fixed σ R , the proportion of variance attributable to mean-reversion increases and consequently, the power of the likelihood ratio test. When σ M = σ R = 1, the power is approximately 50 percent for n = 1000 -a reasonable value, which could easily be achieved with four years of daily data. Table 6 reports the results for varying levels of ρ. The random walk case for ρ equal to one results in almost the same size values as before. Power quickly increases with decreasing levels of ρ. For example, for n = 1000 and ρ = 0.80, the power is already at 87 percent. Table 6 : Power of likelihood ratio test with null hypothesis of "random walk" for varying sample size n and different levels of ρ, thus different levels of R 2 M R and half-life of mean-reversion.
Study design:
Comparing partial cointegration with cointegration in the context of pairs trading
Data
The backtesting of all trading strategies is performed on the S&P 500 index constituents.
As in Krauss et al. (2016) , our choice is motivated by market efficiency, computational feasibility, and liquidity. The S&P 500 contains the leading 500 companies of the U.S. stock market, comprising approximately 80 percent of available market capitalization (S&P Dow Jones Indices, 2015) . This highly liquid subset serves as an acid test for any trading strategy, in light of significant investor scrutiny and intense analyst coverage. We proceed along the lines of Krauss et al. (2016) the same parameter settings as the PCI-system (CI2). Fourth, we run a strategy based on partial cointegration (PCI).
Study periods: For all models, we follow Gatev et al. (2006) and split our data into a collection of overlapping study periods. Each study period consists of a formation period, during which the different models are calibrated, followed by a trading period, during which simulated trading is performed. For the GGR approach, we opt for a 12-month formation, and a 6-month trading period (Gatev et al., 2006) . For CI1, we follow Huck (2015) as well as Rad et al. (2015) and use the same durations as GGR. In case of the CI2 and the PCI approach, we lengthen the formation period to 48 months (approximately 1000 days) in order to increase the power of the tests for cointegration and partial cointegration -see tables 5 and 6 as well as Clegg (2014); . The trading period remains at 6 months. For all four trading systems, the first trading period starts January 1990 and the last trading period ends October 2015. The trading periods are overlapping, so in general, we have six active trading periods in parallel, with the exception of the first five trading periods.
Return computation: Return computation follows Gatev et al. (2006) . Specifically, we scale the sum of monthly payoffs across all pairs by the sum of invested capital at the previous month's end. Invested capital is either defined as committed capital (1 USD is allocated at the beginning of the trading period for each pair -whether it opens or not) or fully invested capital (1 USD is allocated at the beginning of the trading period for each pair that opens during the trading period). The former metric yields return on committed capital and the latter metric return on fully invested capital.
Formation period
Available stocks: Within each formation period, a universe of available stocks is determined. For pair formation, we only consider the stocks that (i) are an index constituent of the S&P 500 at the very last day of the formation period and (ii) do not exhibit missing data during the (in-sample) formation period.
Eligible pairs: From the universe of available stocks, a collection of eligible pairs is then determined. Following previous studies (Gatev et al., 2006; Faff, 2010, 2012) we only allow pairs composed of stocks belonging to the same GICS-sector. This restriction renders our application computationally feasible 4 and reduces spurious relationships. For the GGR approach, all pairs of the same sector are eligible and no further restrictions are imposed.
For CI1, a same-sector pair is eligible, if both the Augmented Dickey-Fuller test of Dickey and Fuller (1979) and the Johansen test of Johansen (1988) reject the null hypothesis of "no cointegration relationship" at the level α = 0.05. These tests are recommended in Huck (2015) and Rad et al. (2015) . Caldeira and Moura (2013) 
Trading period
In the trading period, we consider the top 20 pairs selected in the formation period. In the following, we discuss the buy and sell signals for the different strategy variants.
Distance-based pairs trading (GGR): For a given pair (P, Q), let X 1 and X 2 represent their respective price series. Using in-sample data of the formation period, we obtain the historical standard deviation σ of the price spread X 2 − X 1 . In the trading period, we compute the normalized Z-score Z t as
If we use in-sample data of the formation period to obtain in-sample regression constants α and β, that give rise to the least squares fit to the equation,
where W t denotes the zero-mean residual series. The historical standard deviation σ of W t is then determined -equally with formation data. In the trading period, we compute the normalized Z-score Z t as The value of the position on the long side may not exactly match the value of the position on the short side. The assumption underlying the cointegration model is that the spread series W t is mean-reverting. Therefore, the goal is to construct a financial position whose behavior mimics the behavior of W t as closely as possible. According to the above cointegrating equation, each share of Q that is bought long (respectively, sold short) should be offset with a short sale (respectively, long purchase) of β shares of P . Thus, a USD 1 investment in Q, representing 1/X 2,t shares in Q, is offset by an investment of β/X 2,t shares in P , with a price of βX 1,t /X 2,t . In general, this amount is not exactly equal to USD 1.
The value of the portfolio associated to a pair may fluctuate on a daily basis. When no trade is open, the portfolio is assumed to be held in cash and not to earn interest. When a trade is open, the value of the portfolio changes according to changes in the value of two securities. When a trade is initiated, it is assumed that the maximum amount of capital that is allocated to either side of the trade is limited to the value of the portfolio. Thus, if βX 1,t /X 2,t < 1 and the value of the portfolio on day t is v, then the amount invested in Q (long or short) is v, while the amount invested in P is (βX 1,t /X 2,t )v. If βX 1,t /X 2,t > 1, then the amount invested in Q is (X 2,t /βX 1,t )v while the amount invested in P is v. These restrictions mimic simplified Reg T requirements. The total return on the portfolio associated to the pair (P, Q) is the product of the returns achieved for each of the trades in this pair over the trading period.
PCI-based pairs trading (PCI): For each pair (P, Q), the partial cointegrating relationship in the formation period is found:
In this representation, M t is the mean-reverting component and hence represents the opportunity for potential trading profit. However, M t and R t are not directly visible and need to be estimated using the Kalman filter. Based upon the fitted values for ρ, σ M , and σ R , the Kalman gain κ is computed. The Kalman gain can be computed either as a closed-form formula (see Clegg (2015) ) or it can be approximated through the Kalman filter equations.
The estimated values of M t and R t are then determined through the equations
with E t representing the one-step estimation error of the Kalman filter. These equations are applied to the data in the formation period to obtain an in-sample estimate of M t and its standard deviation σ. In the trading period, these equations are again used to estimate M t at the end of each trading day. A Z-score Z t is computed as Z t = M t /σ. We take on an opening threshold τ o = 1 and a closing threshold τ c = −0.5. These thresholds are close to optimal for PCI on simulated data -see subsections 3.3 and 4.1.
The remainder of the PCI-based trading system mirrors the cointegration-based trading system. In particular, a hedge ratio is determined using the value βX 1,t /X 2,t . One remaining significant difference is that under the PCI-based system, it is possible to lose money from convergent trades. In the cointegration-based system, if a trade closes prior to the end of the trading period, it is guaranteed to yield a profit. No such guarantee exists in the partially cointegrated system, due to the random walk component.
Trading on simulated data
Prior to the empirical application, we aim to explore the effectiveness of trading with the partial cointegration model under ideal circumstances. In particular, the following questions are of interest: First, when the data is partially cointegrated, how does trading using the PCI model compare to trading using the cointegration model? Second, how does the effectiveness of trading vary as a function of the proportion of variance attributable to mean-reversion R 2 M R and as a function of ρ, the AR(1)-coefficient? Third, how should optimal entry and exit thresholds τ o , τ c be chosen for the PCI system?
To address the first two questions, a collection of synthetic data sets are generated for various values of ρ and R 2 M R . The value of ρ is allowed to range from 0.6 to 0.95, while the value for R 2 M R is allowed to range from 0.05 to 1.0. For each combination of ρ and R 2 M R , 5000 random pairs are generated. To construct such a pair, we follow the procedure outlined in section 2.3 to generate synthetic price time series X 1,t of length 1125. Next, a synthetic partially autoregressive process W t of the same length is generated, subject to the constraint that the variance of the first differences is held at 1.0. Then, the price series X 2,t is defined as X 2,t = X 1,t + W t . Thus, the value of β is fixed at one, assuming an equilibrium relationship between the two securities. Given this pair, trading is then simulated on it using both the cointegrated and the partially cointegrated trading system. The first 1000 observations are used as training data, and trading is then performed on the final 125 observations. This setting roughly corresponds to a four-year formation and a six-month trading period. We benchmark the CI2 strategy against the PCI strategy. Parameters are set as in table 8.
To address the third question, we simulate 5000 random pairs, following the procedure above. However, we choose a parametrization we expect to be typical for an eligible PCI pair, i.e., ρ at 0.9 and R 2 M R at 0.75, i.e., a half-life of mean-reversion of 6.6 days and a strong meanreverting overlay. Next, we run simulated trading on this dataset with τ o ∈ [0.5, 1.0, . . . , 2.5] and τ c ∈ [−2.5, −2.45, . . . , 2.5] and log the mean return per month for each configuration of opening and closing threshold. All other parameters are chosen as in table 8.
Results
Simulated data
First, we discuss the trading results in terms of monthly mean return on simulated data. Figure 1 reports the findings. The graph consists of five panels, each representing a different value for ρ. Within each panel, the average monthly return of each strategy is plotted as a function of R 2 M R . There are several interesting conclusions we can infer from these graphs. Neither strategy provides significant gains when R 2 M R < 0.5, due to the predominant random walk component. With increasing proportion of variance attributable to meanreversion, we observe increasing returns for both strategies and across all regimes of ρ. This effect is driven by an increasingly strong mean-reverting overlay on top of the random walk component. Higher levels of ρ lead to lower returns for CI-based and PCI-based pairs trading.
With higher ρ, the half-life of mean-reversion increases, and as such the trade duration -with a detrimental effect on monthly returns.
Interestingly enough, the level of ρ shifts the relative advantage of CI-based versus PCIbased pairs trading for R 2 M R > 0.5. For ρ smaller than 0.9, the PCI system clearly outperforms classical cointegration-based pairs trading. This edge disappears for increasingly higher levels of ρ, given that the AR(1)-process then approaches a random walk, so that reliable parameter estimates are harder to achieve. The relative advantage of PCI also disappears for very high levels of R 2 M R . For R 2 M R → 1, partial cointegration converges towards classical cointegration, rendering the two strategies more similar again. Please note that increasing levels of the variance of the first differences of the spread 20 process W t only influences absolute returns, not the relative advantage of the strategies. To put it simply, it is the same game on a different level. Evidently, σ X , has no effect either, as it does not have any impact on W t -see section 2.
For trading applications, we draw three major conclusions: First, only pairs with a high R 2 M R should be considered for trading. Second, a PCI-based trading system performs best for intermediate levels of ρ and converges towards the performance of a CI-based system for high ρ and/or high R 2 M R . Third, even if the data is only partially cointegrated, it is still possible to profitably trade with a CI-based model. Second, we address the question about optimal trading thresholds for PCI. Figure 2 displays the findings. The chart represents the monthly mean return averaged over 5000 simulated pairs with ρ = 0.9 and R 2 M R = 0.75, evaluated for varying levels of the closing threshold, conditional to different opening thresholds. We observe that monthly mean return decreases with increasing opening threshold. The higher the opening threshold, the higher the average profit per trade, but the lower the number of trades. The relative advantage between the opening thresholds τ o = 0.5 and τ o = 1.0 is much smaller than between the opening thresholds τ o = 1.0 and τ o = 1.5, due to increasing impact of transaction costs.
For practical applications, τ o = 1.0 seems to be a sensible value, representing a fair trade-off between trading frequency and profit per trade. The simulatively evaluated return maximum for this opening threshold is close to τ c = −0.5, which we choose for our empirical application.
Empirical data
We follow Krauss et al. (2016) and run a fully-fledged performance evaluation on all four trading strategies, relying on the R package PerformanceAnalytics by Peterson and Carl (2014) . Most of the metrics discussed below can be found in Bacon (2008) . Our key results are reported in two panels -before and after transaction costs. Given that the strategies are implemented on a highly liquid stock universe, we follow Avellaneda and Lee (2010) and assume transaction costs of 0.05 percent per share per half-turn. This value is well in line with several studies in pairs trading research. For example, Bogomolov (2013) points out that even retail commissions are at 0.10 percent, and Do and Faff (2012) Pairs trading is a liquidity providing strategy exploiting transitory pricing errors, and as such, potentially eligible for rebates (Brogaard et al., 2014) . As such, we do not account for any further market impact. In any case, for the S&P 500, market impact would be low.
Exact values are hard to estimate, but Prager et al. (2012) report that the bid-ask spread has declined to less that one cent for the S&P 500 constituents, or 2 basis points assuming an average stock price of 50 USD. This value seems reasonable, given that find average bid-ask spreads of 4 to 5 basis points on a high frequency data set of the German DAX 30 constituents -also a highly liquid stock universe. Table 9 reports monthly return characteristics and associated risk metrics. We see that the baseline GGR strategy returns 0.15 percent per month prior to transaction costs. This value is reasonable and compares well to the findings of Do and Faff (2010) Even then, the PCI strategy returns 1 percent per month and outperforms a buy and hold investment in the general market (MKT), yielding 0.86 percent per month. Specifically, compared to the general market, the PCI return distribution is skewed to the right -a positive property for any investor and atypical for financial data (Cont, 2001) . Also, value at risk (VaR) levels after transaction costs are substantially lower: The historical monthly VaR at the one percent level amounts to -3.5 percent for PCI versus -10 percent for the general market. The reduced tail risk is also expressed in a maximum drawdown of merely 19 percent for PCI, compared to 50 percent for MKT. The hit rates complement this picture 23 -the share of observations with returns greater than zero is higher than 70 percent for PCI, compared to 64 percent for MKT, and values well below 60 percent for the remaining strategies. We summarize that PCI-based pairs trading exhibits favorable risk and return characteristics -even after transaction cost estimates. However, it remains to be checked whether these returns are robust to systematic sources of risk. Annualized return is almost at 15 percent for PCI, prior to transaction costs and at 12.3 percent post transaction costs -well superior to the classical pairs trading variants. Compared to the general market, we observe that we achieve higher returns at approximately half the standard deviation, leading to a favorable Sharpe ratio of 1.1 after transaction costs.
Performance evaluation
Interestingly enough, this tendency is even stronger when focusing on downside deviation.
Negative deviations from the mean are substantially lower for PCI at 3.3 percent, compared to MKT with 10.0 percent. In consequence, the Sortino ratio, scaling mean return by unit of downside risk, is at 3.8 for PCI versus 1.0 for MKT -reflecting a strategy with the potential to perform well even in adverse market environments. Table 12 presents exposures to common sources of systematic risk for the PCI strategy after transaction costs. We perform three regressions, as in Krauss and Stübinger (2015) .
First, we use the Fama-French three-factor model (FF3), in line with Fama and French (1996) . This model measures exposure to the general market, small minus big capitalization stocks (SMB), as well as high minus low book-to-market stocks (HML momentum and a short-term reversal factor, as in Gatev et al. (2006) and call this variant . Third, we deploy the recently developed Fama-
French five-factor model (FF5), in line with Fama and French (2015) . It nests the threefactor model and is enhanced by two additional factors, i.e., portfolios of stocks with robust minus weak profitability (RMW) and with conservative minus aggressive (CMA) investment behavior. The data required for these factor models are downloaded from Kenneth French's website.
6 Across all three models, the PCI strategy results in statistically and economically significant monthly alphas between 0.44 percent and 0.71 percent, after transaction costs.
Due to the long-short design of the strategy, exposure to the general market is insignificant and the loading close to zero. The same applies to the SMB, HML, RMW, and CMA factors, with one minor exception. Highest explanatory power has the FF3+2 model, resulting in an R 2 close to ten percent. The increase compared to the other two models is primarily driven by the short-term reversal factor. The loading is positive and highly significant, indicating that the PCI returns can partially be explained by reversal patterns. Conversely, the momentum factor is insignificant, but has the predicted negative sign. Overall, the statistically and economically significant alpha suggests that PCI-based pairs trading is vastly different from basic reversal strategies. 
Sub-period analysis
Prior pairs trading research suggests that performance fluctuates over time, so we conduct a sub-period analysis (Gatev et al., 2006; Do and Faff, 2010; Bowen and Hutchinson, 2014) .
The first sub-period ranges from 01/90 to 03/01. It ends with the introduction of decimalization and the onset of the dot-com crisis. Compared to the overall period presented in The third sub-period ranges from 09/08 until 12/09 -the global financial crisis. Previous 28 studies have established the fact that pairs trading -as a liquidity providing strategyperforms exceptionally well in low liquidity environments. Specifically, Do and Faff (2010) and Bowen and Hutchinson (2014) find pairs trading to outperform during bear markets, i.e., the dot-com crash or the global financial crisis. We can confirm this finding for almost all our variants. After transaction costs, standard distance-based pairs trading returns more than 5 percent in annualized returns at that time -even better than cointegration-based pairs trading CI1 with close to 3 percent. PCI exhibits the strongest outperformance of the entire sample period with 49 percent in annualized returns, a drawdown of merely 3 percent (compared to 39 percent for MKT), and a Sharpe ratio of 2.6. Given that the strategy buys short-term losers and shorts short-term winners, i.e., provides liquidity, an execution during that time would have been likely. This finding in such recent times posits a severe challenge to the semi-strong form of market efficiency.
The fourth sub-period ranges from 01/10 until 10/15. In light of a market increasing 13 percent on an annualized basis, all strategies disappoint, including PCI. Annualized returns are all close to zero in the negative domain. With active pairs trading research and more than 90 key contributions ever since 2006 (Krauss, 2015) , we can only assume that increasing deployment of such strategies renders the markets more efficient.
Conclusions
With our paper, we have made three contributions to the literature. The first contribution is conceptual. We have developed the partial cointegration model, established its representation in state space, and provided criteria for identifiability. Also, we have derived a maximum likelihood based estimation routine and a suitable likelihood ratio test. Our model constitutes a novelty, as it allows for the coexistence of a random walk with a meanreverting overlay. Existing enhancements of classical cointegration models, such as fractional cointegration (Granger, 1986; Granger and Joyeux, 1980; Hosking, 1981) or threshold cointegration (Balke and Fomby, 1997) do not allow for permanent shocks. The same applies to any other advancement of cointegration -at least to our knowledge.
The second contribution is simulative. We find that the maximum likelihood based estimation routine provides consistent estimates as long as the the AR(1) part does not degenerate to a random walk and as long as the proportion of variance attributable to mean-reversion is unequal to zero. Also, the associated likelihood ratio test allows for effective testing against the random walk null. If sample size is sufficiently high, the power is acceptable. Furthermore, we have evaluated PCI-based and cointegration-based pairs trading on artificially generated data. We find the former to outperform the latter for medium to low AR(1)-coefficients, i.e., a short half-life of mean-reversion and for processes with medium to high proportion of variance attributable to mean reversion.
The third contribution is empirical. We deploy partial cointegration in a pairs trading context, where we expect the coexistence of transient components and permanent shocks.
We find PCI-based pairs trading to outperform classical cointegration-based and distancebased pairs trading variants. Specifically, we find average annualized returns of more than 12 percent after transaction costs, that can only partially be explained by common sources of systematic risk. Performance is especially strong at times of high market turmoil, and is peaking during the global financial crisis with annualized returns of 49 percent. Only in recent years, performance has leveled off, suggesting that the markets may have reacted to recent advancements in pairs trading research. Nevertheless, our findings pose a severe challenge to the semi-strong form of market efficiency, considering the consistently high returns PCI-based pairs trading produces from 1990 until 2010 in a highly-liquid stock universe.
For further research, we see the potential to deploy this model in other economic contexts, where the coexistence of transient and permanent shocks could be expected. For example, future markets (spreads between spot and future prices), commodities (spread between futures on raw products and refined end products) or bond markets (spread between short-term and long-term debt) -to name a few. Also, classical macroeconomic phenomena typical for cointegration analysis, such as income (Campbell, 1987) , money demand (Johansen and Juselius, 1990) , or purchasing power parity (Corbae and Ouliaris, 1988) could be reinvestigated with partial cointegration.
AppendixA. Identifiability
A system is said to be identifiable if the parameters of the system can be uniquely determined from a (possibly infinite) realization of that system. In this section, we show that if X 1 and X 2 conform to the model given by equation (1), then the system can be identified if the following conditions are met:
1. The sequence of first differences ((1 − B)X 1,t ) t∈T exhibits weak stationarity, and 2. The sequence of first differences ((1 − B)X 1,t ) t∈T is independent of the sequence of first differences ((1 − B)(M t + R t )) t∈T .
To see that a system is identifiable in case assumptions 1 and 2 are fulfilled, consider the state space representation given in equations (7), (8). Then, the first difference of X 1,t is ε X,t , with variance σ 2 X , which is assumed to be independent of ε M,t and ε R,t . Now, let D t = (1 − B)X 1,t . By assumption, Var[D t ] is defined, and D t is independent of (1 − B)(M t + R t ), and therefore Cov[D t , (1 − B)(M t + R t )] = 0. Also, note that (1 − B)X 2,t = (1 − B)(βX 1,t + M t + R t ) = βD t + (1 − B)(M t + R t ). Having recovered β, we can now compute the sequence W t = X 2,t − βX 1,t = M t + R t , (A.6) which is partially autoregressive, and known to be identifiable (Clegg, 2015) . If we take
, the remaining parameters can be determined following Clegg (2015) : Now, we focus on a particular term in this product, p(X 1,k , X 2,k |X 1,k−1 , X 2,k−1 , Φ). From the laws of conditional probability, we have p(A, B|C) = p(A|B, C)p(B|C). Therefore, p(X 1,k , X 2,k |X 1,k−1 , X 2,k−1 , Φ) = p(X 2,k |X 1,k , X 1,k−1 , X 2,k−1 , Φ)p(X 1,k |X 1,k−1 , X 2,k−1 , Φ).
(B.4)
We proceed by separately evaluating each of the two terms on the right hand side of the above equation. To start with, we have p(X 1,k |X 1,k−1 , X 2,k−1 , Φ) = p(X 1,k − X 1,k−1 |X 1,k−1 , X 2,k−1 , Φ) (B.5) = p(ε X,k |X 1,k−1 , X 2,k−1 , Φ) (B.6) = φ(ε X,k ; 0, σ 2 X ), (B.7)
where φ(·) denotes the probability density function of the normal distribution -in this case with expectation zero and variance σ 2 X . To evaluate p(X 2,k |X 1,k , X 1,k−1 , X 2,k−1 , Φ), we begin by noting that X 2,k − E(X 2,k |X 1,k , Θ k−1 , Φ) = βX 1,k + M k + R k − E(βX 1,k + M k + R k |X 1,k , Θ k−1 , Φ) (B.8)
(B.10) be the maximum value of this function that is found when the parameters ρ and σ M are held constant at zero. Then, the value of the test statistic is given as
Critical values for testing the simplified null hypothesis H R 0 that the cointegrating process is a random walk are determined through simulation. Specifically, 1000 random partially cointegrated pairs are generated with the parameters β = 1, σ X = 1, σ M = 0, and σ R = 1.
For each such pair, the log likelihood ratio score Λ is computed, and the quantiles are tabulated. This procedure is repeated for various values of the sample size n. Table C .14: Critical values for the likelihood ratio test for the null hypothesis that the cointegrating process is a random walk.
